
Astronomy Problems 561: Problem Sheet 3; Due Tuesday March 22nd

1. Explain why, for any star, the lifetime of the star t might be expected to be proportional to
the mass of the star M and inversely proportional to the the luminosity L.

t ∝ M/L (1)

2. Given that the Sun’s lifetime is 10 billion years, use the above considerations to estimate
the life expectancy of (a) a 0.02 M¯, 0.01 L¯ red dwarf star, (b) a 3 M¯, 30 L¯ star and (c) a
10 M¯, 1000 L¯.

3. Sketch out an HR diagram as follows:

(i) the vertical axis should be the luminosity in units of solar luminosity L¯; the scale should
be logarithmic (base 10) and range from 0.01 L¯ up to 105L¯.

(ii) the horizontal axis should be temperature; it should range from 3000K to 30,000K on a
base 10 logarithmic scale. Label the axis with the luminosity classes (OBAFGKM) as well
as temperature.

(iii) Sketch out the main sequence. Start by placing the Sun on the diagram (temperature
6000K), then use the fact that Spica (20,000L¯, 28000K) and Bernard’s star (0.01L¯,
3000K) are both on the main sequence to guide your placement.

(iv) Plot lines of constant radius on the diagram. That is, use the equation L = 4πR2σT 4

with R = 10−3R¯ to plot a line of L versus T, then repeat for R = 10−2R¯, R = 10−1R¯
and so on up to R = 103R¯.

(v) Then use the fact that, from observation, L ∝ M3.5 on the main sequence to indicate
where 0.1M¯, 5M¯, 10M¯, 20M¯,50M¯ stars would lie on the main sequence.

(vi) sketch out where the sub-giant branch, red-giant branch, asymptotic giant branch and
white dwarf branches lie.

4. What is the formula for the escape velocity from the surface of an object of radius R and mass
M? What is the surface gravity of such an object (i.e. the surface gravitational acceleration)?
What is the escape velocity and surface gravity of (i) the Earth, (ii) the Sun, (iii) Betelgeuse
(radius 1200R¯, mass 20M¯) and (iv) a white dwarf with mass 1M¯ and radius 0.01R¯ and
(v) the Milky way galaxy, mass 1012M¯ and ‘surface’ radius 30,000pc. Express your answers
for the escape velocity in km/s and also as a fraction of the speed of light, and your answer for
the surface gravity in both ms−2 and relative to the Earth’s gravitational acceleration.

5. A dynamical timescale td for a system of radius R and mass M may be obtained by cal-
culating the time taken for a unit mass to fall freely from the surface of the system to the
center. Derive such an expression. This timescale provides an estimate of the time taken for
any small instabilities in the system to develop into system-wide instabilities (which would, for
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example, then disrupt the entire system). Calculate the dynamical timescale for (i) the Earth
(ii) the Sun (iii) the Solar system (iv) a giant interstellar gas cloud 100pc across and mass 106M¯

6. Consider an element of fluid in equilibrium with surface area dA, thickness dr, mass dm
and density ρ at a radius of r from the center of a star. Write down the upward (buoyancy)
force on the fluid element caused by the pressure difference on the upper and lower sides of the
element, and the gravitational force downwards on the element. Thus derive the equation of
hydrostatic equilibrium

dP

dr
=

GMrρ

r2
(2)

where Mr is the mass of the star within the radius r.
Additionally derive the law of mass conservation

dMr

dr
= 4πr2ρ (3)
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